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The compressibility limit of a cold gas confined in a magneto-optical trap due to multiple scattering
of light is a long-standing problem. This scattering mechanism induces long-range interactions in
the system, which is responsible for the occurrence of plasma-like phenomena. In the present paper,
we investigate the importance of the long-range character of the mediated atom-atom interaction in
the equilibrium and dynamical features of a magneto-optical trap. Making use of a hydrodynamical
formulation, we derive a generalized Lane-Emden equation modeling the polytropic equilibirum
of a magneto-optical trap, allowing us to describe the cross-over between the two limiting cases:
temperature dominated and multiple-scattering dominated traps. The normal collective modes of
the system are also computed.
Introduction. Since the first realizations of cold atomic
gases [1], both theoretical and experimental investiga-
tions reveal that magneto-optical traps (MOT) pave a
stage for very exciting and complex physical phenom-
ena [2]. The interest in studying the basic properties of
MOTs have, however, considerably decreased after the
production of Bose-Einstein condensates [3, 4], as they
started being used mainly as a riding horse to achieve
quantum degeneracy. However, the study of the dynami-
cal properties of MOTs have received much attention re-
cently, which revives the investigation of the basic prop-
erties of laser cooled gases. Examples of such a grow-
ing interest can be found in the work realized by Kim
et al. [5], where a parametric instability is excited by
an intensity modulated laser beam, and in the works of
di Steffano and co-workers [6–8], where the feedback of
retroreflected laser beams can induce stochastic or deter-
ministic chaos for a large optical thickness of the MOT.
A route for the most intriguing complex behavior in
magneto-optical traps relies exactly on the multiple scat-
tering of light, a mechanism which have been described
since the early stages of MOTs as the principal limita-
tion for the compressibility of the cloud [9, 10]. Under
these circumstances, the atoms experience a mediated
long-range interaction potential similar to a Coulomb po-
tential (∼ 1/r) [11] and the system can therefore be re-
garded as a one-component trapped plasma. In a series
of previous works, we have put in evidence the important
consequences of such plasma description of a cold atomic
traps [12], whereas the formal analogy and the applica-
tion of plasma physics techniques reveal to be important
in the description of driven mechanical instabilities [14]
or even more exciting instability phenomena, like photon
bubbles [15], phonon lasing [16] or even the appearance
of a roton minimum in the classical regime [17].
In this work, we investigate the hydrodynamic equilib-
rium and normal modes of cold atomic traps. For that
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purpose, we combine the effects of multiple scattering
(described by the Coulomb-like potential) and the ther-
mal fluctuations inside the system, which can be cast
in the form of a polytropic equation of state. We de-
rive a generalized Lane-Emden equation for the equilib-
rium density profiles and calculate the corresponding so-
lutions. It is shown that the long-range interactions sig-
nificantly change the Maxwell-Boltzmann equilibrium of
a thermal gas. We linearize the equations to calculate
the normal modes of the system for both small and large
clouds, respectively dominated by thermal and multiple-
scattering effects. We describe the collective modes of
the system in both temperature limited and multiple-
scattering regimes of the gas.
Polytropic hydrodynamics and the generalized Lane-
Emde equation. A simple description of a cold gas in
the presence of long-range interactions can be done us-
ing a set of hydrodynamic equations considered in our
previous paper [12]
∂n
∂t
+∇ · (nv) = 0 (1)
∂v
∂t
+ (v ·∇)v = −∇P
Mn
+
Ft
M
+
Fc
M
, (2)
∇ · Fc = Qn, (3)
where n and v represent the gas density and velocity,
respectively, and M is the atomic mass. Here, Fc is the
collective force and Q = (σR − σL)σLI0/c represents the
square of the effective electric charge of the atoms [11, 12],
with c being the speed of light, I0 the total intensity of
the six laser beams. σR and σL represent the emission
and absorption cross sections respectively [2]. The term
Ft = −∇U stands fot the trapping force. The trapping
potential is assumed to be harmonic
U(r) =
1
2
κr2, (4)
and κ represents the spring constant (in the low satura-
tion Doppler limit, the spring constant is approximately
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2given by κ = αµB∇B/h¯k - for the sake generality, we
shall consider a generic value of κ in the remainder of
the paper). Here, µB represents the Bohr magneton,
κ = κ(δ, I0/Is) is the spring constant, α = α(δ, I0/Is)
is the friction coefficient, δ is the laser detuning, Is is
the atomic saturation intensity and ∇B = |∇B| rep-
resents the magnetic field gradient [12]. The harmonic
trapping potential 4 is valid for a MOT of maximum ra-
dius Rmax = |δ|/(γM∇B), where γM = gJµB/h¯ and gJ
is the Land factor. Under typical experimental condi-
tions, ∇B ' 10 G cm−1, δ = −2Γ0 (with Γ0 standing for
the atomic transition life-time), we find Rmax ∼ 0.5 cm.
Above that limit, self-sustained mechanical instabilities
take place [13], so we should avoid this situation in the
present work.
In the absence of a microscopic theory of the ultra-
cold gas, we assume a polytropic equation of state for
the MOT, of the form
P = Cγ(T )n
γ , (5)
where γ is the polytropic exponent and Cγ(T ) is a cer-
tain function of the temperature T . The hydrodynamic
equilibrium condition applied to Eqs. (1, 2, 3) simply
yields
∇ · ∇P
n
= 3Mω20 −Qn, (6)
where ω0 =
√
κ/M is the trapping frequency. Assuming
radial symmetry, the density is given by n = n(0)θ(r),
where n(0) represents the peak density. Putting Eqs. (5)
and (6) together, one easily obtains
γ
1
ξ2
d
dξ
(
ξ2θγ−2
dθ
dξ
)
− Γθ + 1 = 0, (7)
where Γ = Qn(0)/3Mω20Cγ(T ) represents the ratio of in-
teraction to kinetic energy (coupling parameter). The
distance ξ = r/aγ is given in units of a generalized
Wigner-Seitz radius
aγ =
√
3Mω20
Cγ(T )
n(0)−(γ−1)/2. (8)
Equation (7) corresponds to a generalization to the Lane-
Emden equation derived to study astrophysical fluids
[18]. The important modifications in our model include
both the trapping and the long-range interaction induced
by multiple scattering. The present model allows us to
generalize the theory of work by Walker et al. [2] by
relating γ to experimentally accessible density profiles.
The case of rotating clamps of atoms, however, is not
included in this paper and will be considered in a sepa-
rated publication [20]. In what follows, we examine the
analytical solutions of Eq. (7) for some limiting cases,
and compare them with numerical solutions.
Multiple scattering regime: cold plasma equilibrium. In
the multiple scattering regime, typically achieved for a
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FIG. 1: Effect of the long-range interaction on the density
profile for different polytropic exponents. The left panel de-
picts the case where thermal effects dominates (Γ = 0), while
the right panel illustrates the case where multiple scattering
dominates (Γ = 0.99). The black (thick) line depicts the nor-
malized density profile for the isothermal case, γ = 1. Red
(dashed) and blue (dot-dashed) lines are obtained for γ = 2
and γ = 4, respectively.
number of particles above N ∼ 104 − 105, the MOT
is essentially dominated by the collective forces [2]. In
that case, Γ → 1 and one can safely neglect the effects
of the pressure. By setting γ = 0 (and consequently
C0(T ) = 1), Eq. (7) simply yields the so called water-bag
equilibrium profile
θ(ξ) = Γ−1Θ(ξ − ξ1), (9)
where ξ1 = 3/(4piΓ)
1/3 is the Lane-Emden radius of the
MOT. In physical units, it corresponds to a MOT of ra-
dius
R =
(
3N
4pin0
)1/3
≈ 0.62N1/3a0. (10)
This exactly corresponds to the scaling law observed in
the experiments of Ref. [19]. For typical 85Rb MOT,
δ = −Γ0/2 and ∇B = 10 Gcm−1, we get a density n0 =
3 × 109 cm−3. This density would be reached for N =
1500 atoms already. This means that in typical MOTs,
the large density limit very easily holds. In this case, the
restoring frequency and the effective plasma frequency
ωP =
√
Qn0/M are related as
ω0 =
ωp√
3
. (11)
We will later see that this is related with the Mie mode,
which is a natural consequence of treating the system
as trapped one-component plasma. In Fig. 1, it is rep-
resented the numerical solution to Eq. (7) for different
polytropes. We observe that the Gaussian profile is mod-
ified when Γ is increased towards a water-bag profile. For
traps containing a small number of particles (N <∼ 104),
the effects of the multiple scattering can be neglected. In
that case, we set Γ → 0 and obtain the following poly-
tropic equilibrium
θ(ξ) =
(
1− γ − 1
6γ
ξ2
)1/(γ−1)
. (12)
3For the interesting case of an isothermal gas, γ = 1 and
C1 = kBT , this simply leads to the Maxwell-Boltzman
equilibrium
n1(r) = n(0)e
−Vt/kBT = n(0)e−r
2/6a21 , (13)
where a1 =
√
3mω20/kBT .
Normal modes. We now discuss the case of the lo-
calised oscillations, or normal modes, in trapped gases.
By linearising the set of fluid equations (1), (2) and (3)
readily yield
−ω2δn− γC(T )
m
∇ ·
(
nγ−10 ∇δn
)
=
1
m
∇ · [n0(r)∇δφc] ,
∇2δφc = −Qδn,
(14)
where we have used ∇δP ' γC(T )nγ−10 ∇δn. Here, we
have assumed that the collective force can be derived
from a potential, i.e., Fc = −∇φc. We now define the
auxiliary quantity η, defined as δn = (1/4pir2)dη/dr,
which together with Eq. (14) implies
d
dr
δφc = − Q
4pir2
η. (15)
Making proper substitutions, the linearized equations
can be put together and result in a single expression
−γC(T )n(0)
γ−1
m
1
r2
d
dr
[
r2n0(r)
γ−1 d
dr
(
1
r2
dη
dr
)]
−ω2 1
r2
dη
dr
+ ω2p
1
r2
d
dr
[n0(r)η] = 0,
(16)
where we have used ω2p = Qn(0)/m. In a dimensionless
form, one obtains
−ω2 1
ξ2
dδθ
dξ
− 1
2
γω20
1
ξ2
d
dξ
[
ξ2θ
d
dξ
(
1
ξ2
dδθ
dξ
)]
+ω2p
1
ξ2
d
dξ
(
θ1/(γ−1)δθ
)
= 0.
(17)
Solutions to the latter eigenvalue problem depend on the
details of the equilibrium θ(ξ) considered. The general
case involves a numerical solution, for which we hereby
provide analytical solutions for some limiting cases. For
small clouds, lying in the temperature limited regime
(N < 104), the effects of multiple scattering may be ne-
glected and, therefore, one can set ωp = 0 in the Eq. (17).
Using the equilibrium profile in Eq. (12), the eigenvalue
problem yields
− ω2δn− 1
2
γω20
1
ζ2
d
dζ
[(
1− ζ2) ζ2δn] = 0, (18)
where we have performed a change of variables, ζ =√
6γ/(γ − 1)ξ. The solution can be given in terms of
the ansatz [21]
δn =
∑
n,`
an`ζ
2n+`. (19)
Replacing this in Eq. (18), one easily obtains a recur-
rence relation for the coefficients an,` which is found to
converge provided that
ω2 = ω20 {`+ 2n [(γ − 1) (n+ `+ 1/2) + 1]} . (20)
This result resembles the solution given by Stringari for
the oscillations of a Bose-Einstein condensate (γ = 2) in a
spherical harmonic trap [22]. For comparison, we remind
the result known for the free BEC in the collisionless
regime (γ = 1), ω = ω0(2n + `). The case γ < 1 is
naturally unstable. Pure surface modes (n = 0), which
may eventually be easier detectable experimentally, have
the following frequencies
ωS = ω0
√
`. (21)
On the other hand, breathing modes (` = 0) are also the-
oretically possible in small traps, with frequencies given
by
ωB = ω0
√
2n+ (γ − 1)(n+ 1/2) (22)
Because experimental techniques usually make possible
the measurement of frequencies in a very precise man-
ner, these results can be very useful, as they relate the
polytropic exponent γ with the mode frequencies.
In the deep multiple scattering regime, we can model
the equilibrium by a water-bag solution in Eq. (9). In
that case, one readily obtains
(3ω20 − ω2)δn = 0, (23)
which corresponds to a breathing mode in a system with
long-range interactions
ωB = ωp =
√
3ω0. (24)
The latter result is very well-known in plasma physics
and corresponds to an uncompressional monopole oscil-
lation of the system at the classical plasma frequency ωp.
However, this solution is not unique. Manipulation of
Eqs. (1), (2), and (3) also yields
∇ · [(ω)∇δφinc ] = 0 with (ω) = 1− 3ω20ω2 , (25)
which holds in the interior region of the MOT, r < R.
Outside the MOT (r > R), the collective force should
not vary, so we have ∇2δφoutc = 0. The general solution
to Eq. (25) is therefore given by
δφinc (r) =
∑
`,m
a`,m r
`Y m` (θ, ϕ)
δφoutc (r) =
∑
`,m
b`,m r
−(`+1)Y m` (θ, ϕ).
(26)
Imposing regular continuity conditions at the surface r =
R,
φinc (R) = φ
out
c (R)
d
dr
φinc (r)
∣∣∣∣
r=R
=
d
dr
φoutc (r)
∣∣∣∣
r=R
, (27)
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FIG. 2: Effect of the retardation on the surface modes. From
bottom to top: ` = 1, 2, 3, 4 and 5.
one obtains the frequencies corresponding to incompress-
ible surface modes
ωS = ω0
√
3`
2`+ 1
. (28)
A similar result can be obtained from the Mie theory for
scattering in the context of surface plasmon-polaritons
(check Ref. [23] for an understandable review). We
remark here that the frequency of surface modes are
bounded between the Mie and the surface plasmon reso-
nances, ωp/
√
3 < ω < ωp/
√
2, totally differing from the
Tonks-Dattner resonances found described in our previ-
ous work [12]. We expect that this feature can be very
easily observed in fluorescence measurements, for which
a plateau in a frequency resolved measurement would ap-
pear. Notice that the modes in Eq. (28) do not depend
on the size of the cloud R. This is a result of neglecting
the dispersion, introduced by thermal fluctuations.
Retarded surface modes in large traps. The previous
calculation of the frequencies of surface oscillations took
place in the cold fluid limit. In reality, the thermody-
namic pressure is always present and therefore the effects
of dispersion must be considered. A straightforward ma-
nipulation of the fluid equations yields an equation for
the collective potential as follows(∇2 + k2in) δφinc = 0, ∇2δφoutc = 0, (29)
where kin =
√
(ω)ω/us and (ω) is the frequency re-
sponse given in (25). The general solution to Eq. (29)
reads, after ruling out exponential growth at the origin,
φinc (r) =
∑
`,m
a`,m j`(kinr)Y
m
` (θ, ϕ)
φoutc (r) =
∑
`,m
b`,m r
−(`+1)Y m` (θ, ϕ),
(30)
where j`(z) represents the spherical Bessel functions of
the first kind. Imposing the boundary conditions in (27),
one finally gets the eigenvalues through the following con-
dition
j`(
√
(ω)ωx)√
(ω)j′`(
√
(ω)ωx)
= −`+ 1
x
, (31)
where x = R/λD. The numerical solution to the latter
is plotted in Fig. (2). Notice that the frequencies tend
to decrease their values as R increases. Such a feature is
often referred to as retardation in the context of surface
plasmon-polaritons [23]. In real-life experiment, the ef-
fect of retardation can be tested by taking the spectrum
of the Fourier transform density profile. By increasing
the number of atoms N in the cloud, a broadening of
the plateau ωp/
√
3 < ω < ωp/
√
2 should be observed,
as the difference between two consecutive surface modes
increase with R (see Fig. 2).
Conclusions. We have used a hydrodynamic poly-
tropic description of the magneto-optical trap and de-
rived the equilibrium condition. The equilibrium den-
sity is given as the solution of a generalized Lane-Emden
equation. We have also computed the spectrum of the
normal modes in the two relevant limits of the system
(dominated by temperature, or dominated by multiple
scattering). We have established a distinction between
radial and surface modes as a function of the polytropic
exponent γ and showed that a retardation (decrease of
frequency) of the surface modes is associated with the
thermal effects, deviating from the cold plasma result.
The importance of the presents results is twofold: first,
a polytropic equation of state, which phenomenologically
models a large class of hydrodynamic problems, can be
easily confirmed experimentally, both by measuring the
density profiles and by determining the spectrum of the
normal modes; second, our problem may establish an im-
portant bridge to investigate astrophysical systems in the
laboratory, specially in what concerns the stability and
dynamics of the Lande-Endem equation.
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